International Journal of Theoretical Physics, Vol. 11, No. 6 (1974), pp. 395-417

A Relativistic Analogue of the Kepler Problem "

H. P. KUNZLE
Department of Mathematics, University of Alberta, Edmonton, Canada T6G 2G1

Received: 15 June 1974

Abstract

The Poincaré invariant system of two point particles with an instantaneous interaction-
at-a-distance originally proposed by Fokker is studied in the Hamiltonian formalism. The
interaction, which agrees to first order in the coupling constant with the electromagnetic
one obtained from the Lienard-Wiechert fields, is described in an advanced-retarded state
space. The first particle moves in the advanced field of the second which in turn is subject
to the retarded field of the first. The acceleration terms in the Liénard-Wiechert fields
are neglected.

In this theory the state space of the system is a twelve-dimensional manifold ¥ and
the motions are described as integral curves of a vector field that is obtained as the
projection of the generator of time translations in space-time. The Poincaré group acts
on this manifold T in a well-defined way and leaves a symplectic form w invariant. Thus
the set of all possible motions of this system can be studied by the methods of modern
symplectic mechanics. In this paper the general method is explained and the set of ali
bounded motions for two equal rest masses and an attractive force is studied qualitatively
and numerically. In the limit (binding energy)/(sum of rest masses )+ ( speed of hght)2—> 0
all the features of the classical Kepler motion are obtained.

1. Introduction

In two previous papers (Kiinzle, 1974a and b, to be referred to by 1 and 11,
respectively) the general differential geometric formalism was discussed that
makes it possible to describe the Poincaré invariant multi-particle systems of
instantaneous action-at-a-distance theory in a Hamiltonian form. By the latter
we mean a description of the motions of the system as integral curves of a
vector field & on a finite dimensional symplectic manifold (£, w). The
dimension of 2 is twice the degree of freedom of the system, the “time flow’
generated by & leaves w invariant, i.e. £y w = 0, whence (locally) & Jw =dH
for some function H on Z that can be called the Hamiltonian. For an isolated
relativistic system cw is moreover required to be invariant under the Poincaré
group.
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It was shown in I that such a state space T for the two-particle system can
be chosen as the twelve-dimensional submanifoldf

Y +x3=0= (x5~ xPneslch —x5),  x3>0, mupfef=-1
k=1,2}

of the sixteen-dimensional evolution manifold R1® = {x% v¢ k=1, 2}. Itis
thus diffeomorphic to R? = {x£, v} and describes the positions and 3-
velocities of the two particles taken not simultaneously with respect to an
observer at rest, but for the second particle at a time retarded with respect to
the first. Then it turned out that not only can £ be equipped with a Poincaré
invariant symplectic form w such that the Poisson bracketsf between all the
position coordinates x4 vanish for many non-trivial force laws, but the form
w seemed also to be almost uniguely determined for 2 given interaction force.
It was also shown that the electromagnetic interaction as derived from the
Liénard-Wiechert potentials and modified in the way of Fokker (1929) fits
very naturally into this formalism,

The purpose of this paper is to study this particular interaction in some
detail. We make full use of the symplectic structure w on Z and its invariance
under the Poincaré group which leads by Noether’s theorem (for its formula-
tion in the framework of symplectic geometry see Souriau (1970)) to the
existence of the ten well-known integrals of motion. They can be used to
introduce a center of mass frame and to define unambiguously a six-
dimensional state manifold Z, for the ‘relative motions’ of the two particles
which is the direct analogue of the non-relativistic Kepler manifold (Souriau,
1974). The same expressions for the integrals of motion can also be derived
using the Fokker action principle as was done by Bruhns (1973) (and partially
by Staruszkiewicz (1971)), but it is not obvious from their treatment whether
a symplectic structure on a state space and thus a Poisson bracket between
arbitrary observables can be defined this way. Bruhns does not define a state
space but finds some special solutions of the equations of motion in the four-
dimensional formulation. This method has some advantages as it is space-time
covariant, but it is not very well suited for a systematic analysis of all solutions
since many somewhat arbitrary choices must be made during the integration,
like those of suitable curve parameters. Our approach makes it easier to com-
pare the results with the non-relativistic two-body problem and also allows, in
principle, a global analysis of the motions by the methods of modern symplectic
celestial mechanics.

Section 2 is 2 summary of the results obtained in I and II. The main definitions
and the notation are recalled but for all details and also for more references
the reader is referred to these two papers. In Section 3 the integrals of motion

T Greek indices refer to cartesian coordinates of four-dimensional Minkowski space
R%a=0,1,2,3, N = n*6= diag (-1, 1, 1, 1). Capital Latin indices denote the space-
like components and range from 1 to 3. For the 3 space components x4 of a vector we
also write x.

} Forf,g: £~ R define{f, g:= Xr(g) where X7_]w = df, ¢f. Abraham & Marsden
1967).
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are used to define the center of mass frame in the same way as is customary
for special relativistic multiparticle systems that do not interact or interact
only by collisions (see, e.g., Synge, 1965). These first integrals are used again
in Section 4 to introduce suitable coordinates in the relative state space and

to reduce the integration of the equations of motion to two quadratures.
Sections 5 and 6, finally, contain the numerical results for the general bounded
motions in the case of equal rest masses and to some special questions for the
case of arbitrary mass ratios, respectively.

2. State Space, Dynamical System and Symplectic Structure

In I and I it was shown that a system of two massive point particles in the
instantaneous action-at-a-distance theory can be described by a second-order
system

dxg dvg
—K = g, K= B + bk 2.n
Ik dty

where k = 1, 2, and (x%, v%) are cartesian coordinates of the tangent bundle
TV; of Minkowski space Vy = R* while #; and 4 are arbitrary functions
on £ =T(V{x Vs,). The ‘accelerations’ £ are arbitrary given functions on £
subject to¥
vhos £ =288t wfop R =Bk (FR) (22)
(Ul"papl + Elp aﬁ[)é% = 71610% {Z * k) (2'3)
for some arbitrary functions ay, 8; and v; on E. Invariance of the system

(2.1) under the Poincaré group, and thus under its infinitesimal generators
on k£,

T = O, * O, (2.4)

2
Qag=—2 2 @Iny[adpy) toEny(adhy) (2.5)
k=1

then implies that the functions £% are of the form g uzg,‘? (summed over
Z=1,2,3,4ywhere v =vf (k=1, 2),u§=r*=x% - x5,

UGZ=Ew" = —¢ M,,v‘}vy (2.6)
andi

Be=hr b E=nigt,  Boenei'dl @7
Here 7y == (—n,p0fv§) '/ and &, &7 and £} are now given functions, depending
only on the four parametersy

T ap, = 8/8xR, 3, = 0/0vk.
i Weletalwaysk #1[=1, 2 in the following unless otherwise specified. Assume that
u% are future pointing timelike vectors are ¥®a future pointing timelike or null vector.
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A= "Tlozﬁvollvga Pr = *naﬁrav? and = \/(”naﬁrarﬁ) (2.8)

that satisfy a system of differential equations which determine the r-dependence
if the £’s are gwen as functions of X and py on a surface 7 = const. The
quantities ék are completely arbitrary functions on E.

While this space-time description is convenient for a discussion of the group
invariance properties of the system and the study of several other questions
it is obviously not suitable for an explicit, numerical analysis of the possible
motions. Instead we choose to describe the motions as integral curves of a
vector field & on a manifold of initial data, or Cauchy surface, Z. The
manifold 2, which can also be considered as the state space of the system,
can be chosen quite arbitrarily, but it is convenient to take a specific sub-
manifold of £ such that the coordinates have some physical interpretation.

As in II we choose for T the surface T = {z®=0=171,7, =7, = 1}, where
z%=$(x$ +x%), i.e. the initial data are the spacelike coordinates x# and v{
of the two particles such that the second particle is on a future pointing nult
ray issuing from the first at the time of measurement and that the timelike
component of the 4-velocities are

L=V 40D, v} =i v =805 vR (2.9)

In II it was then shown how a vector field & on X that generates the ‘time
flow’ can be obtained as the projection & = —ms J of the generator J ¢ of
time translations on £, where m: £~ Z is defined such as to map the point
p = (x%, v%) onto the unique point (X, vx) on Z that lies on every integral
curve of the system (2.1) that passes through p. Explicitly the dynamical
system on £ has the form (cf. II (2.34))

fe == @) =D7I(1 — W) v

dt
(2.10)
Vi === Z(w) =DM - wi)@R) 'k
where
L= ) ey, rEAJr),  Di=1-3w, - 3w,
and
B = Ee(vi — M) + £2(r — pyvie) + ERew (2.11)

Here the function £f are the same as in (2.7) but can now be considered as
depending only on A, p; and p,.

Equations (2.10) are in principle enough to discuss the motions of the
relativistic two-particle system as soon as the functions £2 are given. But just
as in non-relativistic mechanics it is more instructive to cast them into canonical
form and then to exploit the first integrals obtained via Noether’s theorem
from the Poincaré invariance of the dynamical system on Z.
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Bringing the dynamical system (¥, Z ) into canonical form means intro-
ducing a symplectic form w on Z such that

Zrw=0 (2.12)

whence (locally) & _w = dH for some function H on Z, that is called the
Hamiltonian. Then in a canonical coordinate system (g, p;) for which

6
w= 3 dg* ndpy
k=1

(which exists locally according to Darboux’s theorem) the system (2.10)
becomes
ol

oH
k. 90 .
q aqk

opx ’

Since equation (2.12) clearly admits many solutions cw for a given & additional
criteria must be used to select the right canonical structure. Physically the
most important is clearly that w should be invariant not just under the time
translation & but under the whole Poincaré group. But also this condition

is not restrictive enough.

In all of non-relativistic mechanics one now assumes that w is such that
the position coordinates xj can be chosen as the first half (the ¢*’s) of a
canonical coordinate system. In particular this implies that the Poisson
brackets (see footnote %, p. 396} between all position coordinates vanish, It
is the content of the so-called no-interaction theorems that such a choice of a
Pioncaré invariant «w is only possible in the case of the trivial interaction if
the position coordinates are measured on a spacelike surface of initial data.
In II it was shown, however, that if the surface ¥ is defined as we have done
here then we can require that

g, xPr=0 (k,1=1,2) (2.13)

on all of Z and still get reasonable non-trivial interactions. In fact, it can be

conjectured that for a given & there exists at most a two-parameter family

of Poincaré invariant symplectic forms satisfying this condition, whereby

the two parameters can be interpreted as the rest masses of the two particles.
The accelerations &% on the two particles obtained from the Liénard-

Wiechert fields in which the acceleration term is ignored have the following

invariant components on the surface Z (cf. I, 6.75).

mpke = (gl mikr = —(=Dfghoi3, =0 (2.14)

where g = e, e, is the coupling constant, e, being the charge and m;, the rest
mass of the kth particle. Finding an w on X corresponding to these forces and
satisfying (2.13) is not easy in general, but can be done readily to first order in
g only. Accepting that approximation as an exact model we slightly modify
the force law (2.14), but get much simpler expressions for the integrals of
motion.

Pr=
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Rather than stating the explicit form of w on T we give n*w in four-
dimensionally covariant form. This 2-form can be obtained as the exterior
derivative of a 1-form @ that is itself Poincaré invariant and is on Z given by
the simple expressionf

6= % NagP% dX}

where the p, are explicitly I

Py = pru% =mvf —gpg vf +hgo7 2p52(pf — P&+ 20 102)r™ (2.15)

Note that in the case of no interaction (g = 0)p% = m v is just the 4-momentum
of the kth particle. One can continue thinking of it this way as long as it is kept
in mind that in general this term also contains part of the 4-momentum of the
interaction.

The symplectic form w on X itself then becomes

w=-—-di*0 = L*(z Nag dX% A dpﬁ)
k

and the corresponding ‘time flow’ vector field Z on Z has the invariant
components

meth = (—1¥gpil o AT (A +gm pp D), Ek=0 }
myd = —(—1¥gpi AT N +gmi oo N0y — px) — & mi ' mit pr°]
(2.16)

where A=1—gmjim;tp7tp3L. They agree to first order in g with those in
{2.14) and lead to the same 4-accelerations of the two particles that Bruhns
(1973) derived from a simple Fokker action. The expressions are relatively
complicated but fortunately will not be needed for the integration of the
equations of motion.

3. Center of Mass Frame and Space of Relative Motions
Noether’s theorem states that
fa=A_6 (3.1)
is an integral of motion for any solution of equations (2.1) whenever the vector

field A on F satisfies £ 0 =0, i.e. f4 isin fact of the form f; = w*f, for

+ Off T the coefficients of dvf do not vanish, but since w = c*n*w = —d(*§), where
« = — E is the imbedding map. 6 need only be known on X,

I Actually the term pg - p? remains completely arbitrary, but it does not enter
either w nor the integrals of motion.
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some function f4: £ - R which can be obtained simply by evaluating (3.1)
on Z. Moreover, for the Poisson brackets of these first integrals one has

{fa. /8y =flam. (3.2)

Substituting for A the generators of the Poincaré group on £ given in (2.4)
and (2.5) vields the following first integrals (evaluated on Z)

P =07 16=p$+ 08
= (my —goa IS + (my —go1 s + ghoy oyt r® (3.3)
and

T =Py, 16 = -2 %xk&pil

= —2(m, —gp3")21%f — 2(m; — gp7")zl*v])

~2g001 3 21 + (my +go3 ) — (my + g0 7))
(3.4)

namely the total 4-momentum and the total 4-angular momentum tensor,
respectively. According to (3.2), regarded as functions on Z, they form the
Lie algebra of the Poincaré group with respect to the Poisson brackets:

(P2, PPY=0,  {P% S} =2nllpY]

(3.5)
{JOZS, ]75} = 2.]0‘{'77)5 B _ 2}3(77)5}41

These quantities are well known for systems of non-interacting particles
(or particles that only interact via collisions, see, e.g., Synge (1965}). We can
treat them here in exactly the same way. Define the polarization vector,

We = NPTy, = —(mymy — 2o T pg we (3.6)
the total mass-energy M by
M?*= —P, P (3.7)
and the magnitude L of the intrinsic angular momentum (spin) by
M2AL% = wew, (3.8)

For physical reason we will always assume that M > 0 and L > 0 and more
particularly that the total 4-momentum is a future pointing timelike vector.
Let also

Lé=M1we 3.9

be the spin-4-vector (a spacelike vector orthogonal to P*) and

L8 = _M1e%Mp, I, (3.10)
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the 4-spin tensor.t Then J*® — L*¥ should be regarded as the orbital angular
momentum tensor and it is easily seen that it can be written in the form

JB _ o= _oxylephl (3.11)
Contracting (3.11) with P gives
M*X*+(XPP,)P*=J*P, . (3.12)

The 4-vector X© is thus defined up to an arbitrary term parallel to P% It can
be considered as defining the worldline of the center of mass of the system.

It can be verified that the spacelike coordinates X4 satisfy {X*, Pg} = 84,
but {X4, XZ} # 0 unless the spin vanishes. Thus the X4’ are not pure position
coordinates, which is not surprising, since the center of mass of a relativistic
system depends also on the velocities of the particles. Stated in more mathe-
matical terms this also means that there is no barycentric decomposition of
the symplectic realization of the Poincaré group on the state space of a
multiparticle system (cf. Souriau, 1970).

In spite of this one can introduce a state space for the relative motions of
the system, namely a submanifold 2, of Z obtained by fixing the values of P
and X. In contradistinction to the non-relativistic situation the induced sym-
plectic structure on this six-dimensional manifold Z, depends then on the
value of P (but not the value of X) though not in a very essential way. (Cf.

I and, for a very general treatment of such reductions, Marsden & Weinstein,
1974.)

1t does not seem unreasonable to discuss the motions with respect to a

center of mass frame, namely to consider the submanifold

z,={X=0=P}
of X. The condition that P =0, implies explicitly, in view of (3.3) that on Z,
(my—gpz )y + (my—gpi vy tghoT ps'r=0 (3.13)

Equation (3.12) together with (3.4) and X = 0 gives

Mz=—%(m; +gpz vy +3(my +go7 vy

+30m 0} —mapvd +guipy" —gu3err (.14
As coordinates for Z, we now choose r and
V=28 " (0ava — p1Vy) (3.15)
where N :=v9p, + v3p,, because then, according to (2.10)
r=Z@m=v (3.16)
Contracting (3.13) with v, and r gives
Mr=mypy +mqp, - 2g 3.17)

T This definition is somewhat controversial. For a recent general discussion see
Lorente & Roman (1974).
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and
Mg =my +my\ —gp;* (3.18)
Now solving (3.13) and (3.15) for v; and using (3.17) and (3.18) yields
Mrvi = 3(=1*N(n, — o v — ghog'r
and substitution of this into (3.14) then expresses z in terms of r and v,
WPz=[mi—m3+g> (o177 — p2)r+ (mymy — 2p1 07Ny (3.19)
Since
X =z +3(=1)r (3.20)

we see that once the time development of r and v is known the trajectories of
both particles in this center of mass system can be easily obtained. Moreover,
we see that X, can be parametrized by all values of r and v, i.e. that
z,=R3x R3,

Instead of the submanifold ¢,: £, - X with its induced symplectic structure
w, = 4*w the relative state space could have been obtained more abstractly
by applying the reduction technique of Marsden & Weinstein {1974) to (T, w),
which admits the whole Poincaré group as a symplectic symmetry group, and
to ‘divide out’ the space translation subgroup. It then follows that the time
translations and the three-dimensional rotation group still act by symplecto-
morphisms on (Z,, w,). This can also be seen directly by noting that the
vector field Z on X is tangent to X, and thus induces a vector field Z, on
2, by restriction, the ‘time flow’ generator on Z,.

Incidently, although the mathematical construction of &, on Z, is rather
straightforward and natural and there is no doubt that the parameter ¢ of
these integral curves represents ‘time’, the physical notions of the exact
relationship between a description of the motion as worldlines in space-time
and as a flow on a state space seem much more vague. Nevertheless it seems
reasonable to interpret the ‘time’ defined by %, on X, as the proper time of
an observer stationed at the center of mass.

Similarly, the generators of space rotations on Z,

m5(§24p) = —2 % (335 408, + b4 35,1

are tangent to Z,. In fact, it is easy to see that the action of SO(3)on Z, is
just the direct product of the standard action on R with itself. The integrals
of motion corresponding to these symmetries can again be obtained simply

by restricting the previously calculated ones to Z,. Thus we still have the mass-
energy function M and the spin-3-vector L as integrals of motion on Z,. (Note
that L% = (0, L) since P°L,, = 0 and P* = M83.) Explicitly from (3.3) and (3.7),

M =m} +mj+2mymyh — 2g(myp3" + mapit) — £2Kpi%03%  (3.21)
where
K :=—p%—p}+ 200,05 =w’wa (3.22)
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and from (3.4) and (3.9) with the help of (3.17) and (3.18)
L=3(Mr)\Nmym, — g o1 p2 Drx v (3.23)

In these equations the quantities pg, A and vy must, of course, be considered
as functions of r and v as defined, rather implicitly, in (3.13) and (3.15).

It would now be nice if one could proceed to classify globally the motions
by looking at the submanifolds of Z, defined as inverse images of points in
R* under the map (M, L): ,~ R* (cf. Smale, 1970). In practice, however,
it is almost impossible to calculate explicitly something like the Jacobian of
this map, due to the implicit definition of pg, v$ and A in terms of r and v.
It may therefore be worthwhile to first study some properties of these motions
in a more simple-minded approach, in order to establish whether they seem
physical enough to warrant a further, possibly global study.

4. First Integrals and Reduction to Quadratures

As it is always done with the classical Kepler problem we will from now on
assume (tentatively) that =, = (R3 — {0}) x R3 only, thus eliminating the
obvious singularity in the Coulomb force. But we may be restricting Z,
further by requiring that the 4-vectors v, ¥* and P® are future pointing, v§
timelike and unit, P® timelike and #* null.} This implies in particular that
(now always on Z,)

M>0, pr >0, N=v?pl+vgp2>0
W2>1,  wl=1  iffv=0
A=1, A=1 iffvy=v,
K=w*w, >0, K=0 iff #*, vg, v$ are coplanar.

Assume from now on that the coupling constant g % 0. It can then be used

to replace all the quantities by dimensionless ones.f Define

1 attractive
=lgllg= f force 4.1
ki=lel™e {—1} oran { repulsive} r @1
m =my +my (total rest mass) 4.2)

q=mymi',  vi=mTlmy—m)=(q—Dlg+ 1), p=1-07

4.3)

then my, = $m[1 + (—1)*»] and the Newtonian reduced mass becomes
mymam ™t = um. Now let

p=lgl tmr,  p=(p.p)'? (4.4)

1 Actually it might be physically reasonable, though not compelling, to require that
p% are future pointing timelike vectors.

1 Note that so far we used relativistic units (speed of light = 1). Thus all velocities
are already dimensionless.
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C=lglmz, oy =gl imx (4.5)
7= |g| \mt (4.6)
m:=4egl M mlps +pa),  o=3lgl T mlo; — p2) 4.7
whence by (3.22)
k=lg|?m?K=200-1)7* =200+ Do®>  (=0) (4.8)

Note that # > | ¢ | on all of Z,. For the integrals of motion mass-energy M
and spin L we introduce

E:=eM-m) (4.9)
1 internal
where € = {_1} and E(0) is interpreted as the {Eni;;lg} energy of the
system, and let
e:=E/m =0 (4.10)

If ¢ = —1, which will turn out to be the case of bounded motions for an
attractive force, then 0 < e < 1.} Define the dimensionless spin 3-vector by

1:=|g|"'L 4.1

and let I = (1.1)""? be its magnitude. The following abbreviations will be
convenient:

ci=l+tee  (>0), s:=+/[ec*-D] (>0 (4.12)

a:=2@ -0o%) (>0) 4.13)

and
B =ux— 8¢ (4.14)

Now (3.17) and (3.18) translate into

T=cp—~vo+2K (4.15)

and
v =% I+ 1~ (—1D)e(n — 1)) (4.16)

respectively. Solving (4.8) for A, and substitution into (4.16) gives

v =20"1[a® — km + 3k + (=1 (ko — vo? - Lvk)] 4.17)

and
N=4lglmla™15 (4.18)

T Arough idea of the magnitudes involved may be got from these estimates. If two
masses of 10°g each circle around each other at 10° cm distance under gravitational
attraction téhen e~ 210707 For the ground level of the H-atom or positronium
e=7.107",



406 H. P. KUNZLE

where
=1 +ve® — k(n? + 0¥+ dk(m +ve)  (0) 4.19)
The ‘energy integral’ (3.21) now becomes
2cale - 2p(m — vo)] =kB 4.20)

Conservation of the magnitude of the spin vector is expressed on the one
hand by

L?= Ly = (mymy — g2p1—1p2—l)waw&
or in dimensionless form by
4clo =K' B) 4.21)

On the other hand, taking the square of (3.23) and introducing the angle y
between p and v,

ML = Novlmymy — g%p7p3  Isiny |
or
2cla® =8| Bsiny | (4.22)

We need two more equations to determine the relations between the different
sets of coordinates. Recalling (3.16) or

p=v “4.23)
where from now on - = d/dr we have
L=vCosy. (4.24)
Comparing this with
drjdt =2N"" (v3p; — v1py)
which is obtained directly from (2.10) (or see II (2.41)) one deduces
Sy cosy + 3k (vm + 0) + 2cpmo = 0 (4.25)

It will turn out that equations (4.20) to (4.25) suffice to determine the
dependence on 7 of p and v. Once this is known, however, we can compute
€ and y;, according to (3.14) and (3.20), which now become
&= —fc 2072 [(16¢%m0 + va?)p — B 6] (4.26)
i = §+5(-1) (4.27)

respectively.

Zero Angular Momentum

If the angular momentum vanishes one should expect to get only straight
line motions. Unfortunately this does not yet follow mathematically from
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equations (4.20) to (4.25). Rather it appears that a further restriction of the
manifold Z, is needed to get only the physically meaningful solutions.
If I = O equation (4.21) implies k = 0 and/or § = 0.

Cuase A. Assume 8+ 0, hence k = 0. Then (4.22) gives v sin y = 0. Thus P
and v are always parallel which corresponds to straight line motion (relatively,
as well as for the two trajectories in the center of mass system according to
(4.26) and (4.27)). Then (4.20) and (4.25) become

a=2p(m — v0) (4.28)
and

o= —2cpmas ! (4.29)
respectively. Equations (4.28), (4.13) and (4.15) yield

4c + 2k (1 + 2esP)p + esep? — 2evs*po — drveo — uco? =0 (4.30)

Solving this equation for ¢ as a function of p and substituting into (4.29) then
gives an equation of the form dr = f(p) dp which determines the time develop-
ment of the straight line motion completely. To find the range of p in which
the motion will take place one must satisfy the condition # > | o |. The
turning points are obtained for o = 0 (according to (4.29)). For v=0 (equal
rest masses) this is easily done explicitly with the results:

attractive force repulsive force

M<m 0<p<2es~? nomotion
M=m 0<p no motion
M>m 0<p 2es 2 <p

where the relative velocity vanishes precisely when p = 2cs ™2 Thus this case
corresponds qualitatively in every respect to the classical Kepler problem.

Case B. If we let instead § = 0 in (4.21), then k need not necessarily vanish.
Again assuming v = O for simplicity one finds using equations (4.20) to (4.25)
and checking the condition | ¢ | <, k 2 O that there is just one admissible
case, namely for a repulsive force with € = 1 and e = \/(2) — 1. Then p = 24/2,
g = 0 thus also p =0, but k (z20) is arbitrary. This case therefore represents a
circular (relative) motion with vanishing angular momentum! We will see
later in the case I # O that it may be necessary to limit the physical relative
state space to a domain where §> 0.

Non-zero Angular Momentum

If I# 0 choose an orthonormal basis such that 1 = les. Then by (3.23) ¢
and v lie both in the plane spanned by e, and e, and are not parallel. The
motion will therefore be confined to this plane. Let

# =p(cos ¢,sin ¢)
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and
v =v{cos ¥, sin )

wherey=¢ — ¢ #0, 7.
We have again (4.24) and also

¢=—vplsiny (4.31)

For definiteness we can assume that sin y < 0 such that ¢ > 0. Now (4.21)
implies § # 0 k and

k=16c21of™>
Equations (4.20), (4.22) and (4.25) then become

® = Bla - 2p(7 — vo)] — 8clla=0 (4.32)
¢=2clo*p 1671 |B| (4.33)

and
6==2c8"1[pro + 4cl2® P72 (vm + 0)] (4.34)

respectively. These equations effectively reduce the problem to quadratures.
In principle the motions are found as follows:

Step 1. Solve & =0 for 0= Z(p; e, X, v), whence 7 = [I{p; e, A, »).

Step 2. For each solution T check that (i} T real, (i) 7 > 0, (jii) « > 0,
(v B+ 0, (v) 8 > 0, if not discard this solution in the particular
parameter range.

Step 3. Substitute T into (4.33) and (4.34)and integrate over p.

5. Numerical Results for Equal Rest Masses

We consider from now on only the case of an attractive force (x = 1) and
bounded motion (e = —1, i.e. M <) for non-zero angular momentum (! > 0).
It turns out that the solution of (4.32)for o in terms of p is possible in closed
form only if v = 0, that is, for two particles with equal rest masses. The
problem is reduced to two integrations which are relatively easy to carry out
by computer, especially in the case of bounded motion (i.e. 0<p; < p < p,).

Equation (4.32) for v = 0 is equivalent to

o —2afpn +4c(1 +1%)] +16cpn =0 5.D
where now 7 = ¢p + 2. Solving (5.1) for a gives
a=8c+K+eA=0+8¢ (52)

where K := pm + 4¢(I? — 1) and A := \/(K® + 64¢? 1), Since A> |K | it
follows from (5.2) that €, = sgn (8). Now (4.13) yields

0=—ey(20) V2112 I:=2cr’—a
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where ¢, = % 1. Since o must be real the motion is confined to values of p for
which 7 2 0. In this range we then have

dejdp = e e, HI7V? (5.3)
and
drjdp = e,GI™? (5.4)
where
G = (20) 2 [B(a + 2¢%pn?) + 8¢ PoPn | (B2 om + 4nPca?) ™
and

H:= (2c)l/zla2|ﬁ I p—l (62p1r + 4[26_‘12)—1

The sign e, is chosen positive for outward and negative for inward motion,
but €; is a bit harder to decide on. Since § 0 along every motion with [ # 0
and since the physically most reasonable states turn out to have § > 0 we may
consider this as a restriction of the state manifold. Moreover, only if this
condition is adopted g and ¢ will be continuously differentiable. We will
henceforth assume it. Then /2 0 is equivalent to

F(p) :=s%cp®—2(1 —3s)p? +4c(I* — 2)p + 812 <0 (5.5)

For any value of ¢ in (0, 1) it is easily seen that F (o) = O has either no
positive roots, two coinciding ones or two distinct positive roots depending
on the value of I These cases correspond to no motion, a stable circular
motion (p = const.) and a bounded motion between a perihelion distance
p and an aphelion distance pj.

Circular Motion

For a given energy e a circular motion results if / = /,, the maximum value
for which F = 0 has a positive root. Thus /.{e} and p.(e), the radius of the
circular motion, are obtained as the solutions of the system

F(p,l;e)=0 and aF/op(p,le)=0 (5.6)
namely
pe =421 — 657 +uy +uy) (5.7)
2=2+(1 -3 o, — 3570, (5.8)
with

uy, = [1+545% + 6(—1)*s2(3 + 81sH1/2]13,

In the limit ¢ > O one finds

R“
il
o
[ ]

1 , 1

~

T2 g

which are the Newtonian results for the classical Kepler motion. This will be
discussed in more detail in the next section for arbitrary mass ratios.

Pe
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Non-circular Motion

Now let 0 < [ < I, or, for fixed e, [ := N, with 0 < A < 1 (then ¢ := (1—A%)V2
is the eccentricity of the resulting ellipse in the Newtonian limit). It is easy to
establish rigorously what is expected on physical grounds, namely that for
decreasing A the smaller positive root p; of £ =0 decreases (down to zero for
A 0), while the greater positive root p, increases. The mean radius ¢ :=
4(p; + p,), or the ‘major half axis’, that is independent of X in the Newtonian

loga log T
A A

201 - 4.0
35
30
2.5

20

-20 l l ] l >
25 -20 -15 10 -05 Ologe

Figure 1.—The mean radius ¢ and the half period 7 (dashed line) as a function of the
binding energy e. The lower curve for both ¢ and 7 corresponds to A = 0-025, the upper
one to A =0-999999. The straight line portions for small energy represent Kepler’s third
law.

case turns out to depend only slightly on A even for extreme relativistic
situations, while its dependence on e, of course, differs from the Newtonian
one as e tends to 1. The mean radius a, as well as the ‘half period’

2y
G
7= | —
J i
Py

where obtained numerically and are plotted in Fig. 1.
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*x=0999999
»=09

=07

x=0.5

2=025

x=0.1

2=0.05
x=0.025

-6 -5 -4 -3 -2 -1 0 loge

Figure 2.—The perihelion advance A¢ as a function of the energy for different angular
momenta,

—_ P

0 100 0 002

Figure 3.—Relative orbits for A = 0-3 and e = 0-001 (left) and e = 0-95. In the Newtonian
limit A is the quotient (minor half axis)/(major half axis) of the elliptic orbit. The units
are the dimensionless ones of @.
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The results so far indicate that the most interesting quantity of the
relativistic relative orbits is the perihelion advance A¢ = 2(¢, — 7) where
4]
H

‘01
The perihelion advance as obtained by numerical integration is plotted as a
function of e and X in Fig. 2. For small X the used integration procedure
becomes more and more expensive for a given accuracy, but the trend is
obvious from Fig. 2: As e tends to zero for fixed A the perihelion advance
also tends to zero, the Newtonian limit. If, however, X = 2154 /(2¢) ase = 0,
then I - [,. This is not the Newtonian limit, but instead the relativistic analogue
of the Newtonian parabolic motion (e = 0, [ # 0) and so there is no reason why
the perihelion advance should vanish.

Orbits in the Center of Mass Frame

For specific values of e and A equations (5.3) and (5.4) were integrated to
obtain the functions ¢(p) and 7(p) and thus the orbits of the relative motion.
They look like rotating ellipses except for extremely relativistic binding
energies when the orbits become more pear shaped (cf. Fig. 3).

Combining the results for the relative motion with equations (4.26) and
(4.27) gives the two particle trajectories in the center of mass frame (Figs. 4
to 6). In the limit e - 0 the corresponding Newtonian motion is again recovered.
But for highly relativistic situations a certain asymmetry between the two
trajectories shows up, which is due to our choice of describing the particle

4
300

- !
/7400 -~ : 400

-300 -

Figure 4.—Particle trajectories in the center of mass frame for ¢ = 0-001 and A = 0-3. The
units are the dimensionless ones of y and y2. Two full cycles (perihelion to perihelion)
are plotted. All perihelion and aphelion positions of the particles are indicated. The dashed
line is the trajectory of particle 2.
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A

I/ /i/-\ d \\
7\ \
N +

N/

Figure 5.—Particle trajectories in the center of mass frame fore =0-2and A = 0.3,

motions in advanced-retarded form. Note that for the ultra relativistic case
(e > 1) the two particles move jointly around the ‘center’ of mass, their
relative distance being always much less than the distance from the center of
mass.

Y

Figure 6.—Particle trajectories in the center of mass frame for e = 0-95 and A = 0-3.
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6. Circular Motion for Arbitrary Mass Ratios

The procedure indicated at the end of Section 4 for the solution of the
equations of motion becomes extremely cumbersome when v 5 0, because
then @ is a fourth-order polynomial in o. We thus confine ourselves here to
finding the conditions for circular motion in the case of an attractive force,
bounded motion (M < m) and non-zero angular momentum. Some aspects of
the circular motions of these systems have previously been studied by Bruhns
(1973).

Consider the function ®(p, o, ]) (keeping v and e fixed all the time) as
defining a family of curves in the p~o plane, parametrized by / Circular
motion will result if such a curve is either parallel to the o-axis or consists of
an isolated point only. The first possibility can be excluded by a closer
inspection of the function ®. Since & is a polynomial in p, o and [ if follows
that an isolated point (p., 0.) must be a relative extremum of &, i.e. a solution
of the system

P(p,0,)=0, 3,®(p,0,0)=0, 03,P(p,0,H)=0 (6.1)
Thus triples (p., 0., [,) that solve these three polynomial equations and are
such that p, >0, |0,.| <7, =¢p, — vo, + 2 and I2 > 0 then yield the possible

circular motions of the system. Note that then p; and p, are constant as well
as the angular velocity

we = ¢(pe) = 2cl?p BT, g 1 (6.2)

In practice the solutions of (6.1) were found by Newton’s method starting with
v = 0, where according to the last section o, =0, and then changing all variables

log l¢

i

-6 -5 -4 -3 -2 -1 0 Iog'e

Figure 7.—-The (dimensionless) angular momentum I for circular motion as a function of
the energy.
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IOQ PC

-6 -5 -4 -3 -2 -1 Ologe

Figure 8.—The radius p. of the circular (relative) orbitasa function of the energy.

gradually in order to reach only the physically significant solutions. In Figs. 7
and 8 the values of [, and p,, are plotted as functions of the energy e for
different values of the rest mass ratio g = mo/m;.

We indicate here how the asymptotic limits were obtained and show that
Kepler’s laws are indeed satisfied in the limit e = O, except in the case of
infinite mass ratios. For fixed v let, motivated by the case v = 0 (where
= 0)9

pe=a_je !t tagt0(e), 0. =64+0(c)
and
P=c_je+cy+0(e)

Then equations (6.1) yield to the lowest orderin e

pe= 5 [1+00) 63)
0. = —/w[1 +0(e)] (6.4)
I, = (u/8e)Y? [1 + 0(e)] (6.5)

If the definitions (4.2) to (4.11) of the dimensionless quantities are recalled
it is easily verified that the energy dependence of the radius and the intrinsic
angular momentum of the circular orbit for £ <m, + m, are exactly those
of the non-relativistic Coulomb field. Substitution of (6.1) into (6.2) gives to
lowest orderine

W, = de(2e/u)t’? (6.6)
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or
72 1= dn*fwl =n2 W2 /(8e%) = 77’ o} 6.7

which is precisely the form Kepler’s third law takes in dimensionless units.

We now consider the limit ¢ = m,/m, = 0 or » = —1. This limit should
correspond to the situation that is normally referred to as the relativistic or
electromagnetic Kepler problem (cf., for example, Synge (1965)). Unfortunately
one cannot just put ¥ = —1 in the basic equations of Sections 3 and 4. But
motivated by the numerical solutions of equations (6.1) we expand for ¢
fixed in powers of u= 1 — p?,

Pe=pot prit+ O(?) (6.8)
0 =011+ 0p + O() (6.9
2=13+ 1R+ 0w (6.10)

Then equations (6.1) can be solved consistently and we find to lowest order
inp

pe=(1—s)s7te™ +0() (6.11)
o, =2u"1+0(1) (6.12)
L=(1-9)c 1 +0(uw) (6.13)

whence also
we=5c2(1 —5)"1+0(u)

These equations were used to obtain the curves for ¢ = 0 in Figs. 7 and 8. It is
rather obvious from these figures that the limits ¢ = 0 and ¢ - 0 do not
commute. In particular, the Newtonian limit of the infinite mass ratio rela-
tivistic Kepler problem cannot be taken by letting the binding energy go to zero.
Finally we note that an ansatz like (6.8) to (6.10) can be substituted directly
into equations (4.32) to (4.34). New quantities p = pg and & = 0, can be
introduced for the discussion of the general non-circular motions in the
infinite mass ratio limit.
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